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Abstract:

Most existing algorithms for fitting adaptive splines
are based on non-linear optimization and/or step-
wise selection. Although computationally fast and
spatially adaptive, stepwise knot selection is neces-
sarily suboptimal while determining the best model
over the space of adaptive knot splines is a very
poorly behaved non-linear optimization problem. A
possible alternative is to use a genetic algorithm to
perform knot selection.

A spatially adaptive modeling technique referred to
as genetic adaptive splines is introduced which com-
bines the optimization power of a genetic algorithm
with the flexibility of polynomial splines. Prelimi-
nary simulation results comparing the performance
of the genetic algorithm method to other current
methods are presented.

1 Introduction

In the univariate case, the dataset {(x;,y;) : i =
1,...,N} in R2, a <11 < 22 < - < zny <
b, a,b € R, is assumed to be a number of realizations
of some underlying process combined with random
noise, i.e. y = f(x) + €, where the ¢;s are assumed
to be independent and follow some distribution with
mean zero and finite variance. In the case where
little is known about the function f, the modeling
technique employed should be flexible. A popular
and rapidly developing class of such modeling tech-
niques are spatially adaptive smoothing methods.

Traditionally, spatially adaptive smoothing methods
could be classified into one of two groups. The
first group consists of methods which use a lo-
cally adaptive smoothing parameter with smoothing
splines or kernel techniques, e.g., Fan and Gijbels
[3]. The second group consists of regression spline
fitting algorithms where the knot locations are cho-
sen adaptively, e.g., nonlinear optimization routines
such as Schwetlick and Schiitze’s [5].Other applica-
tions of statistical variable selection techniques to
adaptive splines include Friedman’s [6] MARS which

utilizes stepwise knot selection with a generalized
cross-validation (GCV) model selection criteria, and
the recent contributions to additive modeling made
by Luo and Wahba [7] [HAS] and Stone, Hansen,
Kooperberg, and Truong [8] [POLYMARS].

The algorithms mentioned are based on non-linear
optimization and/or stepwise selection. Although
computationally fast and spatially adaptive, step-
wise knot selection is necessarily suboptimal while
determining the best model over the space of adap-
tive knot splines is a very poorly behaved non-linear
optimization problem [9]. A possible alternative is to
use a genetic algorithm (GA) to perform knot selec-
tion. Genetic algorithms are stochastic search meth-
ods which, as discussed below, have the potential to
find models that are more appropriate in compari-
son to models selected using stepwise or nonlinear
optimization techniques.

2 Genetic Algorithms

Originally developed by Holland [11], genetic algo-
rithms are stochastic search methods which provide
a near optimal solution to the evaluation function of
an optimization problem. In each iteration ¢, a GA
starts with a population P! of M potential solutions.
Each solution z in the domain space D is encoded as
a string or chromosome S, hence Pt = {Sy,..., Sy }-
A string is built of elements from a finite alphabet
A ={ay,as,...,a,.}; the alphabet is determined by
the encoding scheme. The length L of each string is
determined by the number of parameters that need
to be determined and the desired precision. The
GA seeks to optimize a specified evaluation function
fit(z),z € D. If x is represented by string S, then
fit(x) is the fitness value of S.

2.1 The Basic Steps

Starting with a randomly generated population, at
each iteration the algorithm applies chosen operators
to the given population to yield a new population
(the next generation). The standard operators are

o Selection: Selection gives members of the
present population P! with large fitness values



an increased chance of being present in an in-
termediate population P}. For example, in or-
dinal (ranking) selection, the strings are sorted
according to their fitness values and p,(S;) is
based on the rank of S; using a non-increasing
assignment function.

e Crossover: Crossover allows pairs of strings
from P} to combine features to create improved
strings for the next intermediate population P}.
For example, let S1 = (y1,1,.--,7,0) and Sy =
(¥2,15- - -,72,1) be two strings from P{ selected
for crossover, where the probability of undergo-
ing crossover for any pair of strings is p.. In sim-
ple crossover [11], a position 7 € {1,2,...,L—1}
is randomly chosen and two new chromosomes
are built

S = (’Yl,l, ceey Vyis V2404150 ,’Yz,L)

Sy = (V2,155 ¥2,5 Vit 15+ -+, ML)
S} and S} are placed in P} and S; and S, are
discarded.

e Mutation: Mutation gives the algorithm an
opportunity to branch into previously unex-
plored regions of the domain space by arbi-
trarily altering one or more characters of a se-
lected string. Each character of every string
will undergo mutation with probability p,,. In
the simplest case, for each character v;;, ¢ =
1,...,M; j=1,...,L from P} arandom num-
ber rnd is generated from [0,1]. If rnd >
DPm, Yi,; is unchanged; otherwise, +; ; is replaced
by a randomly selected member of {A —~; ;}.

P? is now relabeled as P(**1) and the cycle of oper-

ations is repeated until some termination criterion is
met, at which time the best string achieved is gener-
ally taken as the solution to the optimization prob-
lem. An additional selection strategy referred to as
an elitist step [10], where the best individual from
the present population is included in the subsequent
population, is often incorporated.

2.2 Why GAs?

In the present problem, it is necessary to find not
only the proper knot placement but also the proper
number of knots. For a fixed number of knots, the
sum of squares error is a nonconvex function of the
knot sequence and hence a traditional derivative-
based approach may get stuck in a local minimum.
With GAs, one does have theoretical convergence to
the global optimum. In order for this convergence
to occur, good initial estimates of the knot locations
are not required.

Determining the proper ‘free’ knot spline for a given
dataset can be viewed as a variable selection prob-
lem: given a large set of candidate knot locations
and a criterion of fit, find the subset of knots of a
certain size which yields the best fit. Exhaustive
enumeration is not an option while stepwise proce-
dures are necessarily suboptimal [12]. Hence GAs,
by performing a directed search over the model space
without resorting to stepwise methods, have the po-
tential to better address this sort of problem.
Given the above remarks a note of caution about
GAs is in order. Although their convergence to the
global optimum has been proven, the choice of the
various algorithm parameters does affect the rate of
convergence. The nature of this dependence is gen-
erally unknown so the selection of parameter values
to achieve the best performance can be a difficult
task. GAs are very computer intensive and hence
slower than most existing methods. Finally, different
runs of the same GA can lead to different results (al-
though the results are usually reasonable solutions).
Hence the nature of the current problem may moti-
vate the development of a genetic algorithm based
method, but GAs may not be an appropriate opti-
mization tool in other modeling contexts.

3 Current Problem

Recall the univariate dataset described in Section
1. The goal will be to approximate the function f
so that a criterion based on SSE or weighted SSE is
minimized. Suppose {7; fif is a strictly increasing
sequence of points in {z;}¥; with 1 = a, Tk42 = b,
Emin < k < Emax, Fmin, kmax given. Let {P;}*4] be
a sequence of polynomials of order m. The model
space may be represented as

Pmyr={9:9(x) =Pi(z) if 7, <x<741,
i=1,...,k+1; the first (m —1)derivatives
of g at 7; are continuous; {r; }*¥2 and { P;}*}

are given sequences, Kkmin < k < Kkmax}

For computational efficiency, each element g € Py,
will be represented as a linear combination of
normalized B-spline basis functions of order m. For

given {7;}:12 define t = (t1,t9,...,tntm) as
t1:“':tm:T1 :astm+1 S
S b=Teyr = a1 =0 = tagms

n =m + k. Then P, ; may be expressed as
Sm,t = {g € Pm,r 9= E_?:l aij,m,t;

a; €ER, j=1,...,n}
where {Bj,m,t}}j—; represents the sequence of nor-
malized B-splines of order m with respect to the
knot sequence t.



3.1 Model Criterion

Traditionally, the amount of fit associated with a
given model is represented by the number of ‘de-
grees of freedom’ it employs. In spline fitting, the
definition df = tr(S) for ’degrees of freedom’ is pop-
ular in the spline literature; this choice yields the
original GCV criteria,

GOV (g) = (RSS,/N)/(1 - tx(S)/N)?

where RSS, is the residual sum of squares from the
fit of the model g to the data and S is the smoothing
matrix corresponding to g. However, if the ’degrees
of freedom’ is viewed as a measure of the amount of
fit or the cost of the estimation process, then adap-
tively selected knots should employ more ’degrees
of freedom’ relative to nonadaptively selected knots.
This motivates adjusting the above criteria by alter-
ing the definition of ’degrees of freedom’. This leads
to a statistic of the form

GCV(gn) = (RSS,, /N)/(1 = (n1 + (n2 x d)) /N)?

as used in MARS modeling [6] with d = 3, where n,
of the n basis functions of which g is composed are
adaptively selected, n = n; + na. Luo and Wahba
[7] provide arguments for the use of d = 1.2 for re-
producing kernel cubic spline bases. Although the
procedure is not stepwise, genetic algorithms also
employ an adaptive procedure for the selection of
basis functions. For this reason, and for the purpose
of comparison with existing methods, a similar cri-
terion will be utilized here.

Whether adjusted GCV is an appropriate model cri-
terion is open to further examination. If one accepts
the choice of adjusted GCV, a value for d must be de-
termined. The previously proposed values are based
on arguments that depend upon the choice of basis
functions and the nature of the modeling procedure
[6, 7]. Thus they cannot be directly applied to the
proposed method. A possible solution is the con-
cept of generalized degrees of freedom (GDF) of Ye
[13] for complex modeling procedures which may be
utilized to determine d in GCV for the GA.

3.2 Convergence

Bhandari, Murthy, and Pal [10] modeled a GA with
elitist step (EGA) as a finite state Markov chain and
proved, under various conditions, that an EGA will
converge to the global optimal solution if that solu-
tion is contained in the search space.

For an outline of their proof, assume a GA with fi-
nite population size M, string length L, and alpha-
bet A of cardinality a. Let P represent a possible

population and let P represent the class of all pos-
sible populations. The fitness value of a population,
fit(P), is defined as fit(P) = maxgep fit(S). Let
{F\,...,F,} represent the set of possible fitness val-
ues, s < a®, where i} > F» > --- > F,. Define
E;, = {P : PeP and th(P) = Fz} 1 =1,...,s;
note E;(E; = @ and (;_, B; = P. Let P
be the jth population of E;, i = 1,...,e; and
i = 1,...,5. Denote as p;j.p the probability that
the genetic operators, in one generation, result in
a population P; € Ej from @;; € E;, and let
Dij.k = E:ilpij.kh .7 = 17"'561'7 ’L,k = 17"'58'
Under the assumption that min; ; p;;1 > 0, it was
proved that

(n) _

lim Piji=1 Vi=1,...,e;andi=1,...,s
n— o0
where Pgﬁ denotes the probability of reaching a pop-

ulation in F; in n generations with the starting pop-
ulation Pi’j .

A topic of future research is to verify that this proof
holds for the specific genetic algorithm used in GAS.

3.3 Genetic Adaptive Splines

The genetic adaptive spline program was designed to
determine the model from the space Sy, + which min-
imizes an adjusted GCV criterion. Given k, ki, <
k < kmas, the GA will adaptively select candi-
date interior knot sequences of size k from {z;}
for consideration. Each candidate knot sequence
has a corresponding set of B-spline basis functions;
the (weighted) least squares coefficients {a;}7_; of
these basis functions are determined by the algo-
rithm L2MAIN of de Boor [4]. The result of the
GA is the least squares spline model of size k¥ with
the smallest (weighted) RSS. The execution of the
GA for each value of k yields a series of models
{9 : k = Emin,.--,kmax}; the appropriate model
from this group is chosen by minimizing the GCV
score described above.

In GAS, integer coding will be used, e.g., the char-
acter 2 will represent an interior knot located at
. The version of the integer coded genetic algo-
rithm (ICGA) which has been implemented uses lin-
ear ranking selection with stochastic sampling with
replacement. The performance of standard linear
ranking selection of Baker [14] with the efficient tech-
nique of stochastic universal sampling will be tested
in future studies.

In the initial implementation, simple crossover will
be utilized; crossover operators developed for RC-
GAs (real coded genetic algorithms) [16] will be
tested in future simulations.



The works of several authors [15, 16] suggest an
adaptive mutation scheme, e.g., applying different
mutation densities and varying the probability of
mutation during the GA’s generations. Hence a tri-
angular mutation scheme was utilized [17] and the
mutation probability pf, varied from 0.9 to 1/L (
this choice is supported by the work of Béack [18]).
An elitist step is included to ensure that the current
best solution is retained as the algorithm progresses.

3.4 Simulation studies

Simulated examples were used to examine the per-
formance of GAS compared to the MARS, HAS,
POLYMARS, and wavelet shrinkage methods. The
simulation studies performed here were modeled di-
rectly after those designed by Luo and Wahba [7]
to facilitate comparison with existing methods. Due
to space constraints, only results for 3 of 5 exam-
ples will be shown. Table 1 gives information about
the simulated datasets. Example 1 is taken from
Donoho and Johnstone [1] and shows considerable
spatial inhomogenity, Example 3 is from Schwetlick
and Schiitze [5], and Example 4 is from Fan and Gi-
jbels [3] and shows less spatial variability. Gaussian
noise was used for all examples except Example 3
where the noise was Uniform. To facilitate compar-
ison with wavelet methods, the sample sizes were
all powers of 2 and the designs were equally spaced
(except for Example 2).

For wavelet shrinkage the SUREShrink method of
Donoho and Johnstone [2] was selected with a “pri-
mary resolution level” of 5. Computations were per-
formed with the wavethresh software of Nason and
Silverman in S-PLUS, with the S-PLUS commands
provided by Luo and Wahba. The family of wavelets
was DaubLeAsymm with filter number 8.

The maximum number of basis functions in HAS,
MARS, and POLYMARS was set at 150 for ex.1
and at 60 for ex.3 and ex.4. The number of basis
functions considered by GAS was [18,34] for ex.1
and [7,16] for ex.3 and ex.4 (The number of basis
functions fit by GAS was near 21 for ex.1 and 9 for
ex.3 and ex.4). The remaining parameters in HAS,
MARS, and POLYMARS were set at their default
values except for the parameter gcv in POLYMARS,
which was set at 2.5 as in Stone, Hansen, Kooper-
berg, and Troung [8]. The IDF factor for GAS was
set at 3.

GAS was set to fit cubic splines with a maximum of
400 generations, a crossover probability of 0.8, and
the same mutation probability density (as described
above) for all examples. The population size M was
50 for ex.1 and 40 for ex.3 and ex.4.

The median MSE and the difference between the 1st
and 3rd quartiles of the MSE for ex.1, ex.3 and ex.4
and each method are given in Table 2; the median
results for ex.1 and ex.3 and all methods are shown
in Figures 1 and 2.

The performance of GAS compares quite favorably
with the results of SUREShrink and the other adap-
tive spline algorithms. On all examples GAS was
best, most likely due to the directed global selec-
tion of basis functions. For ex.l and ex.4, the re-
sults of HAS, SUREShrink, and MARS reflect those
shown in Luo and Wahba [7]. For ex.3, MARS and
GAS show the best results, followed closely by HAS
and POLYMARS and then by SUREShrink. The
selection of a lower “primary resolution level” for
SUREShrink did not yield a better performance.
Despite the relatively superior performance of GAS
on the above examples, the method does have sev-
eral implementation issues to be resolved.

e Due to the global nature of the GA search, it
is relatively slow and computationally expen-
sive (e.g., for ex.1 with N=2,048, each model
size took approximately 90 sec.; this limits the
number of model sizes which can be considered.
Hopefully its efficiency can be improved by the
use of more ICGA specific genetic operators (as
mentioned above) and improved programming.

e Crossover and mutation can create models with
coincident knots. It is possible that this can
be avoided by incorporating constraints into the
GA model as in Michalewicz and Janikow [19].

4 Summary

A modeling technique has been proposed for fitting
adaptive splines. The basis functions are B-spline
basis functions of order m (m < 20); the method
can be used to fit adaptive splines which minimize
a weighted or unweighted adjusted GCV criterion.
For each candidate model size, the search for the
minimum (weighted) SSE model is performed by a
genetic algorithm which adaptively selects the ap-
propriate knot sequence.
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Figure 1: Ex1 (a) original function; (b) sample
dataset; (c) GAS fit; (d) HAS fit; (¢) SUREShrink
fit; (f) MARS fit; (g) POLYMARS fit
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Figure 2: Ex3 (a) original function; (b) sample
dataset; (c¢) GAS fit; (d) HAS fit; (¢) SUREShrink
fit; (f) MARS fit; (g) POLYMARS fit






